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It
. CEfford agebra , sping and spiror
E.
2 Clifford algebra

Definition : Let (V
,
<3) be a Endidean space (of finite dive

difforday .

is a real agebra spanned by IER ,

VE

with the relation
V . w + W . U = -2

, W) FriweV

Explicit construction :

CIV)= voyto-sideddea sande
by NaW + Wer + 2 <V

,
w)

= TNI/Es
.

where c : V- CCVCiffordagebra is the paire (C(V) , C)Rop :

wit Cr1+ IV1 = 0 and CUI is the unique unital associative

Ragebra will the following universal property :

for any
unifal associative RR-algebra A and for

any-Lear map 4 : V-A S .

t.

4r, %12 + y1wYivl = -2
,w) in A

then E ! 4 : CCV -> A hapton of IR-agetira
CHICcV =! Y
↑ o y
iv



②

Boot : - The existence by TIVI /1 2
#- uniqueness by the universal property.

Spation : we have a natural morphisms of groups
OCV1 -> Aut(CIVI)

outtogonal automorphism group
gp of R-algebra

induced by ONU) A V .

prof : DIVI A TIVI = QR
Since OCUI A V presences the metire <

.
3.

so Act AEOCVI, r , wEV

A (raw +wor+ 2 c , w) (

= ArxAw + AWAr + 2<Ar , And EE
=> A preserves [ <, >

=> A ACV)
.

= TNI/ #<,

Def : - IdvEOCU) ,
Let te Hut(CNVII be the induced

atormaphors ,
so But ez = Id.

Roportion /Definition :

Let CEIVI < CIVI be the 11-egenspace of 2.

Then [N1 = C+ (V1 @CMV)



⑤
and ↳ even

CTNV) =< CI--- (VR) :
U,, ---

,UREV
S

= Im (Tene(ul + CIVI (

CTV1 = Im( Todd (r) -> CIV) #

seralebraProposition : CCVI = CtIVIGCTVI is a a 9
If : by previous propostin & Definition of CEIV)
It is enough to verify
CtrlctVI

,
CTVICTVI < CtIV)

Civictrl
,
Cicirl <CTV)

#
VERM

Example : DV =

RCRe ez = -1

=> CCIR2

② V = R2 21
.
2 ONB

&
c

+

(V) = IRQReie
CTV) = Re , DIRez

where e= e = -1

(21 = e
, 22, 2 =

- epe = -1

CCIRE = H quaternion number HW3 .
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④

CV) = TIV/ ver +war + 2
,
we

Proposition : For V ,
W two Enclidean spaces ,

then the meep
f : VOW -> CVICIN)

IV
, w) he UQ1 + 1Qw

extends to an oromorphion f : CIUQUIECVICCW
X - 1 x

Proof : fr
,

col = (UR1 + 1QW1 CrQ1 + 1QW
- # + -

= val + raw-rw+w

= - 10
,
03 - < 1

,
0 >

=

- <D , 201
, 10, 2013

=> E ! f : CNRWI -> CUECN morphing

i =V Vow

mo i : ((Vl -> CION)

i :W vow

u i2 : ((W) + Crow

Giz)of : CNW18 Sit
.

it is Idrow
or VQW .

=> f is eomorphism of algetras #



⑤As a consequel
CCIRM) = CIRel CIRe---CCRem

=> dimp(RM) = 24
usual tensor product

RR : We have an oromorphism
CIRM/ORD1 (CCRMOKCIRT4)
ej g j = 1 ,

---

,
mFlm+ Cm+2

em+S # 1 Dem+

em+2
-> 1 Dem+2 #

Set ((V) = Im (@V
*j- CN1) < CIV)

JER
Then R= Co (V) < Crc-- - < (Grc--

defines a filtration of CIV) ,
and we have

CCVICTV) < citicul
&

The E-gradedayetra associated with the above filtration

of CVI is GriCV11 = @ GrB(C(VI)

with GuR(CV) : = CRU/Ch+ (V)
and Gre . Gric Grity

Proposition : We have identificative of E-gradedalgebras
Grcccril = XV



⑳
&of : GrCM) = CiV1 =R = 10

V= CIV) injective
crp = -10p = 0 off U= 0

=> (((V) = VOIR
GrFCV) = (f(V)/(iv) = V = N

+
V

Then GriCCCVI) is generatedby GrCCNVI) = R

and Grt(C(1) = V= V

with the relation cricin + cniccr1 = -2<0 ,
w>

= O in Gr
Y

(CNVI)
= /N# VNW +Nr = 0

.

By definition of XV
#=> Romophon !

Pef : E = EtBE is a Ea real/complex CIVI-module

of 1) E is superspace
2) E is CIVI-module

3) CTIVIEF CEF
we call I aECIVIEF CEF difford module



&: SinceCr = -10R for O ⑰

then crl : El E EF

=> dimEt = dom E- #

Reoposition : For vEV , define x superalgebra.
crl : = r*1 - tr E End(*

)
where U

+EV
*

is the medic dualof
to is the interior product .

But is LEV*

ta = 2Cr) ·

This makes NV*
a CIVI-module.

Proof : When acting on NV*

C(ulCW) +CulCr

= (* ()(w*- (w) + (W*- tw) (v*-2)

=
- (w

X
- V*2w - 2wr* - w

*
ev

=

- ku ,
w> + < W

, k) = -2 <, w)

So we have
CIVI ! c

↑ -
v

v -> End (r* 1) #

Ref : 6 : (N -> NV*

o Cr · 1 LENOV=I
called symbol map.

Pop : 5 is an econorphis of rator space



Roof : el . - em ONB of V = RM ⑤

for 1 i < -- - <iMEM
6) Cil---(ir) = evix---Neim My *

#
Now we give the map

57
,
called "quantization" map

Proposition/Definition :

6t : 1r* -> C(V)
where of 2ENV

*

51 = [Ghi" ; tip) Cil---(tip)i,-cip
&of :

cel---cp1 = (eix-tel---(e-teip11
=
eix---neip

= 618%11 = Editi
, Cipleix--e =

--cip A

↑PV*

E Spin group
#

Recall : A hiegp G is a

gp G dogetter wit

a smould manfold structure on G S .

t.

GxG + G
and GoG

18 . high 8 +>g
bott are smouth

maps.



⑨
Example : O GLIV

, IRI or GLIV
,
KI

② O(n) = SAEGLIn . 1) : "A = AY
SO(n) = SHE O = detA = 17
Ocas are the sometries of (IR" ,

<, 3) .

③ WiM = SA-GL(m , 2) : ** = A+ Y
=T()

SWIM1 = 5 A-Wim) : detA = 1 I

o = Lie egebra of G
= left-mvariant vector field on G = TG
I , ] his bracket = We bracket of vertor fields

OcMI and SOCMI has the same hie algelia
so(m) = SAEMm(RR) :A = - 4)

HW 3 .

4

-
↓ nXm
A are anti-arymuctic endomorphism of IR?

die bracket [A , BJ = AB-BA
as MXM matrices


